A new approach to Penrose's twistor algebra is given. It is based on the use of a generalised quaternion atgebra for the translation of statements in projective five-space into equivalent statements in twistor (conformat spinor) space. The formalism leads to S0(4, 2)-covariant formulations of the Pauli-Kofink and Fierz relations among Dirac bilinears, and generalisations of these relations.
Introduction
The two-one correspondence between the rotations of a sphere, and the subgroup z -+ (~z + ~)/(--~z + ~-'), [a [2 + 1t3 i 2 = 1, of the group of conformal (circle-preserving) transformations in a plane, through stereographic projection, and the taw of combination of these transformations in the plane (essentially multiplication in SU(2)), were first clearly established by Cayley (1879). They were, however, implicit in much earlier work (that circles on the sphere are mapped onto circles in the plane by stereographic projection was known to Ptolemy). The correspondence is discussed and references to early work given by Klein (1884). The appropriate algebra for dealing with the group of rotations of a sphere is the quaternion algebra of Hamilton (1844 Hamilton ( , 1866 , which is intimately connected with the above correspondence; the defining relations of the quaternion algebra are in fact identical with those of the Lie algebra of SU(2). In view of these historical facts, it seems remarkable that the two-dimensional matrix representation of quaternion algebra remained unknown until its discovery by Pauli (1927) . This work was also the first indication of the fundamentally important physical significance of the two-component representation of the rotation group. Also remarkable is the fact that the Lorentz transformations, and Lorentz-covariant equations, can be very elegantly expressed in terms of quaternions (Klein, 1911; Silberstein, 1912 Silberstein, , 1913 Kilmister, 1953 Kilmister, , 1955 Rastall, 1964; etc.) , which were first propounded sixty years before the advent of relativity.
The correspondence quoted above can be expressed by the statement that the affine transformations in three-space that leave the sphere unchanged give rise to a subgroup of the group of conformal mappings in the plane, by stereographic projection. If we consider the group of projective transformations that leave the sphere unchanged (which is isomorphic to the Lorentz group), we obtain by stereographic projection the group SL(2, C) of Mobius transformations
which is just the continuous part of the group of conformal mappings in the plane. (It is also, of course, the group of projective transformations in one complex dimension.) More generally, the N-dimensional conformal group can be realised as the group of projective transformations in (iV + 1)-dimensional space that leave a hypersphere unchanged, through stereographic projection (Klein, 1926; Coxeter, 1936) . This correspondence was recognised as having possible implications in physics, by Dirac (1936) , who was the first to apply it to the conform al group in Minkowski space. We shall review briefly the salient features of this well-known correspon~lence between Minkowski space M and a hyperquadric Q in projective five-space Ps.
Denote the homogeneous components of a point in projective five-space by ~A (.4 = 1 .... 6) and let Q be the quadric with matrix r~AS (the diagonal matrix (+++--+)), which we use as a lowering and raising operator for the six-fold indices. Then ~A is the polar hyperplane of ~4 with respect to Q, and the equation of Q is simply ~A~ A =0
(1.1)
The stereographic projection of Q on to M is given by ~" = ~x ~ 0a = 1 .... 4)
( 1.2)
The group of projective transformations on Ps that preserve Q is 0(4, 2), which, through (1.2) is isomorphic to the group of conformal mappings on M. (By a slight modification a correspondence between Q and de Sitter space can be established (Coxeter, 1943; Lord, 1974) . We make Ps into an affine space by specialising ~6 = 0 as the hyperplane at infinity, and then into a pseudo-Euclidean space by imposing the metric dxadx a on the inhomogeneous components g a = ~a/~6 (a = 1 .... 5). Then (1.2) induces the (3 + 2) de Sitter metric on M. With ~5 = 0 as the hyperplane at infinity we get (4 + 1) de Sitter space.) The exceptional points of Q for which ~ = 0 have no image in M, so Q must be regarded as equivalent to Minkowski space completed by the inclusion of a space at infinity. In the following, M will denote this completed Minkowski space. The figures in M that are preserved by conformal mappings are the 'Minkowski spheres'. They are hyperquadrics whose asymptotic cones are
